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PREFACE 

The purpose of this training manual is to aid those personnel who need 
an extension of the knowledge of mathematics gained from Mathematics, 
Vol. 1, NavPers 10069-C, and Mathematics, Vol. 2, NavPers 10071-B. 
Although the text is not directed exclusively toward any one specific 
specialty, an attempt has been made to emphasize those topics most likely 
to be needed as background material in understanding digital computers 
and computer programing. 

This training manual was prepared by the Navy Training Publications 
Center, Millington, Tennessee, for the Bureau of Naval Personnel. 

1969 Edition 

Stock Ordering No. 
0502.LP-050-3655 



THE UNITED STATES NAVY 

GUARDIAN OF OUR COUNTRY 
The United States Navy is responsible for mamtalning control of the sea 
and is a ready force on watch at home and overseas, capable of strong 
action to preserve the peace or of Instant offensive actron to wrn in war. 

It IS upon the matntenance of thus control that our country’s glorious 
future depends, the Unrted States Navy exrsts to make It so. 

WE SERVE WITH HONOR 

Tradrhon. valor, and vrctory are the Navy’s heritage from the past. To 
these may be added dedrcation, drsctplrne, and vigrlance as the watchwords 
of the present and the future. 

At home or on distant stations we serve with pride. confident In the respect 
of our country, our shipmates, and our famrlles. 

Our responsrbrlrtres sober us; our adversltles strengthen us 

Servrce to God and Country IS our special prrvilege. We serve wrth honor 

THE FUTURE OF THE NAVY 

The Navy wtll always employ new weapons, new {echnrques, and 
greater power to protect and defend the United States on the sea, under 
the sea, and In the air. 

Now and in the future, control of the sea gives the United States her 
greatest advantage for the maintenance of peace and for victory In war. 

Moblllty, surprise, drspersal, and offensive power are the keynotes of 
the new Navy. The roots of the Navy lie In a strong belief In the 
future, tn continued dedrcatron to our tasks, and In reflectron on our 
heritage from the past. 

Never have our opportunities and our responslbllmes been greater 
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SUMMARY OF MATHEMATICS 

RATE TRAINING MANUALS 

VOLUME 1 

Mathematics, Volume I, NAVEDTRA 10069-D, is general in nature in order 
that it may serve the extensive variety of ratings needing basic mathematics. 
Basic arithmetical rules and computations, fundamentals of algebra, plane 
geometry, and numerical trigonometry are the major topics encompassed in 
this volume. 

VOLUME 2 

Beginning where Volume I ended, Mathematics, Volume 2, NAVPERS 
1007 I-B, starts with logarithms and applied trigonometric analysis, proceeds 
through straight lines and slopes to an introduction to differential and 
integral calculas, and finishes with an introduction to probability. 

VOLUME 3 

The last of the Mathematics texts, Mathematics, Volume 3, NAVEDTRA 
10073-Al, attempts to emphasize those topics most likely to be needed as 
background material in understanding digital computers and computer 
programming. These topics include sequence and series, concepts of 
descriptive and inferential statistics, Boolean Algebra, and matrices and 
determinants. 
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CHAPTER 1 

SEQUENCE AND SERIES 

A collection or set of numbers, arranged in 
order,according to some pattern or law, so that 
one number can be identified as the first and 
another as the second, and so forth, is referred 
to as a sequence. The word sequence is some- 
times replaced by the word progression, but we 
will use sequence. The set of natural numbers 
forms a sequence; that is, 1, 2, 3, . . . is a se- 
quence. Each number in the sequence is called 
a term, and we will represent the first term of 
a sequence by the letter (a) and the last term 
by the letter (8). 

ARITHMETIC SEQUENCES 

An arithmetic sequence is a sequence in 
which each term may be determined from the 
preceding term by the addition of a constant. 
This constant, called the common difference, is 
designated by the letter (d) and will maintain 
the same value throughout the sequence. 

An arithmetic sequence, then, may be indi- 
catedbya, a+d,a+2d, a+3d, . . . . a+(n-l)d, 
where there are n terms in the sequence. In 
the sequence 

-1, 3, 7, . . . 

the common difference (d) is 4. The first term 
(a) is -1; therefore, the second term is 

a+d= -1+4=3 

The third term is 

a + 2d = -1 + 2(4) = 7 

and the fourth term is 

a + 3d = -1 + 3(4) = 11 

EXAMPLE: Find the next three terms in the 
sequence 5, 9, 13, . . . 

SOLUTION: The first term (a) is 5 and the 
difference (d) is 4; therefore, write 

a= 5 

d=4 

then, the fourth term is 

a + (n - 1)d = 5 + (4 - 1) 4 

= 17 

the fifth term is 

a + (n - 1)d = 5 + (5 - 1) 4 

= 21 

and the sixth term is 

5 + (6 - 1) 4 = 25 

We are often interested in finding a specific 
term of a sequence. We usually refer to this 
term as the nth term. In cases where the nth 
term is the last term of a sequence, we write 

P = a + (n - 1)d 

In this formula there are four unknowns. If we 
know any three of them, we may find the fourth. 

EXAMPLE: Find the 20th term of the se- 
quence 

1, 3, 5, 7, . . . . 

SOLUTION: We know that 

a=1 

d=2 

n = 20 

Therefore, 

P = a + (n - 1)d 

= 1 + (20 - 1)2 

= 39 
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Notice that we let the nth (20th) term be the last 
term. 

and consider a sequence where 

EXAMPLE: Find the number of terms in a 
sequence if the last term is 37, the difference 
is 5, and the first term is -13. 

SOLUTION: We know that 

a= 8 

P = 20 

a = -13 

d=5 

P = 37 

We solve 

I = a + (n - 1)d 

for 

n 

by writing Now consider a sequence where 

l = a + (n - 1)d 

P - a = (n - 1)d 

E -a - = n- 1 
d 

L-a -+l=n 
d 

By substitution 

E -a n=-+l 
d 

= 37 - (-13) + 1 
5 

++1 

= 10 + 1 

= 11 

There are cases where we desire the first 
term of a sequence when only two terms are 
known. 

EXAMPLE: What is the first term of the 
sequence if the third term is 8 and the sixth 
term is 20? 

SOLUTION: We write 

8 20 ------ 

2 

and 

n=4 

Therefore, 

then 

20 = 8 + (4 - 1)d 

,-J = 2o - 8 
3 

=4 

and 

then write 

P = 20 

d=4 

n= 6 

20 = a + (6 - 1)4 

20 - 20 = a 

a=0 

PROBLEMS: Write the next two terms in 
the following sequences. 

1. 18, 21, 24, . . . 

2. -19, -16, -13, . . . 

3. x, x + 2, x + 4, . . . 

4. 42 + 3, v5i + 7, a + 11, . . . 

Find the term asked for in the following se- 
quences. 

5. Seventh term of - a , 0, $ , . . . 
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6. Twenty-fifth term of -19, -10, -1, . . . 

7. Fifth term of -6x2, -2x2, 2x2, . . . 

8. Which term of -2, 3, 8, 

ANSWERS: 

1. 27, 30 

2. -10, -7 

3. x+6,x+8 

4. J-2 + 15, 42 + 19 

5.$ 

6. 197 

7. 10x2 

8. lgth 

ARITHMETIC MEANS 

. . . is 887 

In the sequence 1, 3, 5, 7, the terms 3 and 5 
occur between the first term land the last term 
7 and are designated the means. Generally, the 
terms whichoccur between two given terms are 
called the means. 

If we are given the first term (a) and the 
last term (J!) in a sequence of n terms, then 
there are (n - 2) means between a and P. There 
can be any number of means between two given 
terms of a sequence, depending on the differ- 
ence between adjacent terms. 

To determine the means of a sequence we 
use the formula 

Q = a + (n - 1)d 

EXAMPLE: Insert two arithmetic means 
between 6 and 12. 

SOLUTION: We know 

a= 6 

P = 12 

and that there are two means in this sequence; 
therefore, 

n= 4 

because the means plus two (the first and last 
terms) is the number of terms in the sequence. 
We now determine the difference by writing 

P = a + (n - 1)d 

P - a = (n - 1)d 

P-a=d 
n- 1 

and by substitution 

d=12-6 
4-l 

d 3” =- 
d=2 

We now add this difference to the first term to 
obtain the second term and the difference to the 
second term to obtainthe third term as follows: 

6 + 2 = 8 = second term 

8 + 2 = 10 = third term 

and find the means are 8 and 10. 
We could also have used the general form of 

a sequence (a, a + d, a + 2d, a + 3d, . ..) and 
added the difference to the first term to obtain 
the second term and added two times the differ- 
ence to the first term to obtain the third term. 

If we use the same first and last terms, that 
is, 

a=6 

and 

P = 12 

but now ask for six means, we still use the 
same formula 

P = a + (n - 1)d 

and in this case the number of terms is the six 
means plus the first and last term or 

n= 8 

Therefore, 

3 



MATHEMATICS, VOLUME 3 

d P-a =I- 
n- 1 

- 12-6 
8-l 

6 =- 
7 

and the means are 

a+d=6+: 

a+2d=6+ $ 

a+3d=6+ y 

a+4d=6+? 

a+5d=6+$ 

a+6d=6+E 
7 

The previous examples demonstrate that 
there can be any number of means between two 
given terms of a sequence, depending on the 
number of terms and the difference. 

PROBLEMS: Insert the indicated number of 
means in the following: 

1. Three, between 3 and 19 

2. Two, between -10 and -4 

3. Five, between -2 and 2 

4. Two, between the first and fourth terms 
if the fourth term is six and the seventh term 
is eleven. 

5. A secretary can type 3 words per minute 
faster for each half-hour she types. If she 
starts at 8:30 a.m. at the rate of 35 words per 
minute, how fast is she typing at 1O:OO a.m.? 

ANSWERS: 

1. 7, 11, 15 

2. -8, -6 

4 

5. 44 words per minute 

ARITHMETIC SERIES 

When we add all the terms of a sequence, we 
call this indicated sum a series. We will use 
the symbol S, to designate the indicated sum of 
n terms of a sequence. To derive a formula 
for S, we may write the terms of a series as 

s, = a + (a + d) + (a + 2d) + . . . + [a + (n - l)d] 

Notice that when we had the second term we 
added the difference to obtain the third term. If 
we had the third term and desired the second 
term we would have to subtract the difference. 
Therefore, if we write the series with the last 
term first, we subtract the difference for each 
succeeding term. Then, using 0 to represent 
the last term, write 

sn = P + (Q - d) + (f - 2d) + . . + + [E - (n - l)d] 

Now add the two equations, term by term, and 
find 

%l = a + (a + d) + (a + 2d) + . . . 

sn = Q + (Q - d) + (f - 2d) + . . . 

and 

2sn = (a + Q + (a + n) + (a + 1) 

where there are n times (a + 

2sn = n(a + m) 

Sn = t (a + 1) 

+ [a + (n - l)d] 

+ [n - (n - l)d] 

+ . . . + (a + f?) 

f). Therefore, 

Another way of obtaining the formula for Sn 
is to write the terms of a series as follows: 

%= a + (a + d) + (a + 2d) + . . . 

+ (I. - 2d) + (m - d) + 1 

then reverse the order of the series and com- 
bine both equations as follows: 
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S, = a + (a + d) + (a + 2d) + . . . 

+ (Q - 2d) + (m - d) + P 

S, = Q + (Q - d) + (f - 2d) + . . . 

+ (a + 2d) + (a + d) + a 

and find that 

25, = (a + f?) + (a + @) + . . . 

+ (a + 1) + (a + a) + (a + a) 

(a + f) occurs n times which yields 

%I = i (a+f!) 

EXAMPLE: Find the sum 
terms of the series 2, 6, 10, . . . 

SOLUTION: We know that 

a= 2 

d=4 

and 

n= 5 

and write 

sn = t (a+f) 

Here, we must determine B by 

Q = a + (n - 1)d 

=2+(5-1)4 

=2+16 

= 18 

Then, 

2Sn = n(a + f?) 

sn = 5 (a + f) 

= ; (2 + 18) 

of the first 5 

Sll = f (20) 

= 50 

This may be verified by writing 

2, 6, 10, 14, 18 

and adding the terms to find 

s, = 50 

EXAMPLE: There are eleven pieces of pipe 
in the bottom row of a stack of pipe which form 
a triangle. How many pieces of pipe are in the 
stack? 

SOLUTION: We know pipe is stacked as 
shown. 

We have in our stack eleven pieces of pipe 
on the bottom row and each row up contains one 
less piece of pipe. There is one piece of pipe 
on the top. 

Therefore, we write 
a= 1 

n= 11 

d=l 

P = 11 

Then 

S, = i (a+@) 

= y (1 + 11) 

= ‘;i! (12) 

= 66 pieces of pipe in the stack 
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EXAMPLE: Find the sum of 23 terms of the 
series -3, 2, 7, . . . . 

SOLUTION: We know that 

a = -3 

d-:5 

and 
n = 23 

Write 

s, = z (a+[) 

We do not know I, but we do know that 

E = a + (n - 1)d 

and by substituting for i in the equation for the 
sum, we have 

s, = ;’ a f L) 

= i [a+a+ (n- l)d] 

= t [2a + (n - l)d] 

Then, using the values we know 

s, = $ [2(-3) + (23 - 1)5] 

= T [-6 + (22)5] 

= % c-6 + llO] 

= 7 [104] 

= 23 [52] 

= 1,196 

In some cases we may have to work from 
the sum of a sequence in order to determine 
the sequence. 

EXAMPLF: Find the first 4 terms of the 
sequence if 

6 

a=2 

1 = 18 

s, = 200 

SOLUTION: We must find d. We write 

l = a + (n - 1)d 

but notice that there are two unknowns; that is, 
n and d. We then write 

s, = i (a+P) 

and by substitution 

200 = ; (2 + 18) 

400 = n (20) 

20 = n 

We again write 

1 = a + (n - 1)d 

and substitute, then write 

18 = 2 + (20 - 1)d 

18-2-d 
19 

We know that 

a= 2 

and 

d+ 

Therefore, the first 4 terms are 

a 

a+d 

a + 2d 

a + 3d 
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which give GEOMETRIC SEQUENCES 

2 A geometric sequence (or progression) is a 
sequence (or progression) in which each term 
is a multiple of any other, with a constant ratio 
between adjacent terms. This constant, called 
the common ratio, is designated by the letter r 
and will maintain the same value throughout the 
sequence. 

2+; 

2+32 
19 

2+48 
19 

and the first 4 terms are 

2,2 g ,313 410 
19 19 ’ 19 

PROBLEMS: Find the sum of the sequence 
having 

1. a = 3, L = 7, n = 15 

2. a = -6, B = 18, n = 6 

3. a=7,n=5,d=2 

4. d = 6, P = 32, n = 5 

5. a = -19, d = 3, P = -7 

In problems 6 and 7, find the first 4 terms if 

6. a = 6, P = 14, S, = 50 

7. n = 7, E = 20, Sn = 70 

ANSWERS: 

1. 75 

2. 36 

3. 55 

4. 100 

5. -65 

6. 6, 8, 10, 12 

7. 0, 3 $ , 6 ; , 10 

A geometric sequence, then, may be indi- 
cated by a, ar, ar2, . . . ar@-l), where there are 
n terms in the sequence. The common ratio 
(r) in a geometric sequence may be determined 
by dividing any term by its preceding term. 
The quotient is the common ratio. 

In the sequence 

2, 6, 18, . , . 

the common ratio r is 3. The first term is a 
and is equal to 2. This may be shown by 

a=2 

ar = 2 -3 

ar2 = 2 ’ 3” 

If there are n terms in the sequence, then the 
last term is 

a+1) 

Notice that if we considered this sequence to 
have only three terms then the last term would 
be 

Q = art”-1) 

= 2 .32 

= 18 

EXAMPLE: Find the next three terms in 
the sequence 

3, 12, 48, . . . 

SOLUTION: The first term a is 3 and the 
ratio is 

= 4 
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and 

and 

Therefore, the fourth, fifth,and sixth terms are 

&4-l), ar(5-11, and ar(6-1) 

Then, 

a(r)t4‘l) = 3(4)3 

= 3 - 64 

= 192 

a(r)+l = 3(4)4 

= 3 - 256 

= 768 

a(r)+l = 3(4)5 

= 3 * 1024 

= 3072 

EXAMPLE: Find the last term of the se- 
quence where 

a= 3 

n= 5 

and 

r= 2 

SOLUTION: Write 

P = a(r)(n-1) 

= 3(2)5-1 

= 3(2)4 

= 48 

EXAMPLE: Find the first term of a se- 
quence if the second term is 6, the third term 
is 24, and the fourth term is 96. 

SOLUTION: We consider the last term as 
96 and write 

P = a(r)(n-1) 

8 

We desire a, but we do not know r. To find r 
we divide any term by the preceding term; that ( 
is, 

or 

24=4 
6 

and 

and find r to be 4. 
Substitution yields 

96 = a(4)t4-l) 

where n is 4 because 96 is the fourth term. 
Then, 

96 = a(4)3 

= a(64) 

96 
a=64 

3 =- 
2 

The sequence is 

4 , 6, 24, 96. 

PROBLEMS: Write the first three terms of 
each sequence if 

1. a=2,r=5 

2. a = -3, r = + 

3. a = 1, r = .Ol 

Find the last term of each sequence 

4. a=7,n=5,r=2 

5. a=+,,= 4, r = 5 

6. 30, 10, 3 f., , . . and n = 6 
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ANSWERS: r3 = 8 

1. 2, 10, 50 

2. -3, - + , - + 

3. 1, .Ol, .OOOl 

4. 112 

5. 1 
54 

610 
. 81 

GEOMETRIC MEANS 

In the sequence 5, 15, 45, 135, the terms 15 
and 45 occur between the first term 5 and the 
last term 135 and are designated the means. 
Generally, the terms which occur between two 
given terms are called the means. 

If we are given the first term (a) and the 
last term (f) in a sequence of n terms, then 
there are (n - 2) means between a and P. There 
can be any number of means between two given 
terms of a sequence, depending on the common 
ratio between adjacent terms. 

In order that the means between terms in a 
sequence may be inserted, the common ratio 
must be known. 

To find the means between two terms of a 
sequence we use the formula 

P = a(r)“-1 

EXAMPLE: Insert two means between 3 and 
24. 

SOLUTION: We consider 3 the first term 
and 24 the last term and write 

3 24 mm-- 

There are four terms in the sequence and we 
write 

P = a(r)“-l 

By substitution 

24 = 3(r)3 

24 3 -=r 
3 

r=2 

Now find the means underlined 

to be 

a, g, a$, ar3 

ar=3*2 

= 6 

and 

ar2 = 3(2)2 

=3*4 

= 12 

EXAMPLE: Insert a mean between f and 
9 

32’ 
SOLUTION: We consider there are three 

terms and write 

1 a=- 
2 

I Q =- 
32 

n= 3 

therefore, 

P = a(r)“-l 

9 1 (r)2 
32=2 

r2=&+f 

r2 =-$ 

r=f v’ 9 
Is 

3 3 r =-or _- 
4 4 
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We find the mean we desire is the second 
term and write 

1 3 
ar =2*4 

3 =- 
8 

and the sequence is 

1 3 9 
Z’S 32 

or ar=1 -- 3 c 1 2 4 

3 = -- 
8 

and the sequence is 

139 
-,--7- 
2 8 32 

In cases where only one mean is required, 
the following may be used. We know the com- 
mon ratio may be found by dividing any term by 
the preceding term; that is, if the sequence is 
a, m, 1, then the common ratio is either 

m -=r 
a 

or 
P -= r 
m 

therefore, 

m d -=- 
a m 

and 
m2 = aP 

m=&Z?or-&Z 

In the previous example where we wanted to 
1 and find the one mean between 2 6 we could 

have written 

3 3 =-c-jr -- 
8 8 

PROBLEMS: Insert the indicated number of 
means in the sequences. 

1. Two, between 3 and 24 

2. Two, between iand & 

3. One, between 4 and 9 

4. Three, between x2 and x1’ 

5. Four, between -5 and - & 

ANSWERS: 

1. 6, 12 

1 1 
2.gqj 

3. 6 or -6 

4. x4, x6, x8 or -x4, x6, -x8 

GEOMETRIC SERIES 

When we add all the terms of a sequence, we 
call this indicated sum a series. We use the 
symbol Sn to designate the indicated sum of n 
terms of a sequence. To derive a formula for 
S, we may write the terms of a series as 

S, = a + ar + ar2 + . . . + ar”-l 

then multiply each term of the series by (-r) to 
obtain 

-rS, = 2 3 -a - ar - -ar - . . , - ar n-l - am 

and combine the two equations as follows: 

10 
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S, = a + ar + ar2 + . . . + a.rnw2 + ar”-l 

-rSn = - ar - ar2 _ . . . _ arnv2 _ al-n-1 _ am 

sn -rS, = a 

Sn(l-r)=a-ar” 

s++ 

- ar” 

= a(1 - rn) 
l-r 

,r*l 

EXAMPLE: Find the sum of six terms in 
the series whose first term is 3 and whose 
common ratio is 2. 

SOLUTION: We know 

a=3 

r=2 

and 

n=6 

therefore, 

= 3(1 - 2Y 
l-2 

= 3(1 - 64) = 3 - 3(4)* 
-1 l-4 

3(-W _ 
-1 

-189 - 
-1 

= 189 

In cases where we know the last term, the 
first term, and the common ratio and desire 
S, we could use 

s, = a-am 
l-r 

but we would first have to determine n. 

EXAMPLE: Find the sum of a series if 

a = 3, r = 4, and B = 192. 

SOLUTION: To find n we write 

p = am-l 

and by substitution 

192 = (3)(4)“-.1 

192 -= 
3 

4n-1 

then 

and 

Therefore, 

64 = 4”-l 

64 = 43 

43 = 4n-1 

3 = n-l 

n=4 

Now 

s, = 2f$ 

= 3 - 768 
-3 

=z!E. 
-3 

= 255 

In order to decrease the number of opera- 
tions in the previous example we may write 

s, = al- “z” 

and 

11 

ar” = r(arn-1) 
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Therefore, 4. 484 

Sn = a - r(ar”-l) 
l-r 

5 
5. 12 

but 
ap-l = P 6. 49,206 $ 

then INFINITE SERIES 
a - rP s, = ___ 
1 -r As previously discussed, a series is the in- 

dicated sum of the terms of a sequence. If the 
number of terms of a series is unlimited, the 
series is said to be infinite; that is, The solution to the previous problem would 

be 

sn = y.f!2 

_ 3 - 768 
-3 

-765 = 
-3 

= 255 

PROBLEMS: Find S, in the following series 
if 

1. a = 3, r = 5, and n = 4 

2. a=i,r=f , and n = 3 

3. a=-$,r= 6, and n=4 

4. a = 4, r = 3, and P = 324 

1 2 and fi = - - 12 

6. a=;,,= 3, and E = 32,805 

ANSWERS: 

1. 468 

2 13 
* 18 

3. ‘86s 

1+2+4+.-e 

is an infinite series and 

is a finite series because there is a finite num- 
ber of terms. 

When we desire the sum of a geometric 
series such as 

1 1 1 -+-+-+ . . . 
2 4 8 

and we know the number of terms, we use the 
formula 

S a - am 
n = l-r 

This formula may be written as 

s, = a - am 
l-r 

a ar” =--- 
l-r l-r 

If we increase the number of terms desired, 
notice that the second term 

e 
l-r 

becomes larger if I r I Z> 1 and becomes smaller 
if Irj < 1. 

When the number of terms of a series con- 
tinues indefinitely, the series is an infinite 
series. Therefore, in 

n 

la’: r 

12 
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as n-cc the term goes to ac if Irl > 1 and the 
term goes to zero if I r I < 1. When the term 

n 

la! r 

goes to cc, the sum of the series is not defined. 
However, if this term goes to zero, we may 
write the sum of the series as 

ar” lim S, = a - - 
n--a: 1-*r l-r 

a =-- 
l-r 

0 

a =- 
l-r 

which is the sum of an infinite series when 
I r I < 1. We designate the limit of the sum of 
an infinite series as 

s=a 
l-r 

EXAMPLE: Find the sum of the infinite 
series 

1 1 1 -+-+-+... 
3 6 12 

SOLUTION: Determine that 

1 
6 1 r=-=- 
1 2 
3 

Then 

s=:a 
l-r 

I 
3 =- 

1 l -- 
2 

2 =- 
3 

13 

which is the limiting value of the infinite series. 
EXAMPLE: Find the sum of the infinite 

series 

7+3+2+... 

SOLUTION: Determine that 

7 
5 r =- 
7 

1 =- 
5 

then 

sxa 
l-r 

7 =- 

l : 
-- 

7 =- 
r 
5 

2 
4 

= 83 
4 

PROBLEMS: Find S in the following: 

1. l+f+$+... 

2. 6+2+;+..* 

3. .l + .Ol + .OOl + . * * 

4. G+l+F+*.. 

ANSWERS: 

1. 3 

2. 9 
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3. $ 

4. 2G-2+2 

THE nth TERM 

In cases where we are given the nth term of 
a series, it is relatively easy to find other 
terms from the symbolic definition of the nth 
term. 

EXAMPLE: If the nth term of a series is 
given by 

11 
2n + 1 

find the first three terms. 
SOLUTION: To determine the first term 

replace n by 1 and for the second term replace 
n by 2, etc.; that is, the first term is 

n 1 -=- 
2n+ 1 2(l) + 1 

1 =- 
3 

and the second term is 

2 
2(2) + 1 

2 =- 
5 

and the third term is 

3 
2(3) + 1 

3 =- 
7 

To perform the converse of this type problem, 
that is, to find the nth term of a given series, 
is quite different because there are no set rules 
which may be applied. Also, there may be many 
formulas whichexpress the nth term of a series. 

EXAMPLE: Find the nth term of the series 

1 1 1 -+-+-+ . . . 
2 4 6 

14 

SOLUTION: The numerator of the terms 
remains the same and is 1. The denominator 
follows a regular pattern of increasing by 2 for 
each term. 

If we write 

term 1 2 3 4 

numerator 1 1 1 1 

denominator 2 4 6 8 

we see that each term’s denominator may be 
written as 

2-n 

Therefore, the n fh term for the series is 

and the series may be designated as 

1 1 1 1 -.-+-•f--+ . . . f--+ . . . 
2 4 6 2n 

PROBLEMS: Find the first 3 terms of the 
series whose nth term is given by 

1. n2 

2. --L 
n2 + 3 

n2 3. - n+l 

ANSWERS: 

1. 1+4+9+... 

3. ++++;+... 

PROBLEMS: Find the nth term of the series 

+-+ . . . 

1 2. 1 +$+-+... 
27 

3. l+ 3 5 -f --+ . . . 
4 9 
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ANSWERS: EXAMPLE: Is the infinite series 

1. n n+5 
-+‘+’ 1 
2 4 8 

+ . . . convergent? 

2. r 
n3 

3 2n-1 
’ n2 

CONVERGENCE 

If we find the sum of the first n terms of an 
infinite series approaches a finite value as 
n-a, then we say the series is convergent. If 
a series is not convergent, then we say it is 
divergent. 

EXAMPLE: Is the infinite series then 

1 1 1 +-+-+ . . . convergent? 
3 9 

SOLUTION: Write 

lim S, = S = a 
n-cc l-r 

and 

1 r =- 
3 

a= 1 EXAMPLE: Is the infinite series 

then 3 + 6 t 12 + . . . convergent? 

S-L- 
1 l -- 

3 

1 =- 

3 

3 =- I.3 

The limit of the sum of n terms as n-cc ap- 

proaches + , therefore the series is conver- 

gent. 

SOLUTION: Write 

s--.L. 
l-r 

because this is an infinite geometric series 
where 

a =L 
2 

1 r =- 
2 

15 

1 
2 =- 
1 
T 

= 1 

The sum has a limit, therefore the series is 
convergent on 1. 

SOLUTION: Find that 

and 

a=3 

r=2=2 
3 

Now, 

Irl >1 

therefore 

lim S, = a - am 
n-oc l-r 
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and the sum of the series goes to = and the limit of the nth term is zero, as n -cc, the se- 
series is divergent. ries may or may not be convergent. 

EXAMPLE: Is the series EXAMPLE: Determine if the series 

1+3+5+.+. convergent? 

SOLUTION: Find that the series is arithme- 
tic and 

1 1 1 1 - 3 + --+ - + 6 12 + . ..+... 3 .2”-1 is convergent 

SOLUTION: Examine the last 
that 

term and find 

a= 1 

and the nth term is 

(2n - 1) 

lim 1 _ 
n--ca 3.2n-I 0 

Consider the nth term as the last term and 
write 

This is a necessary condition, but we must 
investigate the series further. We find that the 
series is geometric with 

sn =f (atI) 

= % [l t (2n - l)] 

Then 

=n 2 

lim Sn = cc, Therefore the 
n-cc 

series is divergent. 

PROBLEMS: Determine whether the follow- 
ing series are convergent or divergent. 

1. 3 + 6 + 9 + . . . + 3n t m.m 

2. 1 + 3 + 9 + . . * + 3n-1 + . * a 

3. 1 ++++ . . . +L+ . . . 
p-l 

ANSWERS: 

1. Divergent 

2. Diver gent 

3. Convergent 

If a series is convergent, its nth term must 
have zero as its limit. But, if the nth term of a 
series has a limit of zero as n-a+ this does 
not mean the series is convergent. If the nth 
term of a series does not have zero as a limit, 
then the series is divergent. That is, if the 

16 

Irl<l 

Therefore, we conclude the series converges. 
EXAMPLE: Determine if the series 

1+++++++ *.* +;+ ..* is convergent. 

NOTE: This is a harmonic series. A har- 
monic series is a series whose reciprocals 
form an arithmetic series. 

SOLUTION: Investigation of the nth term 
indicates that 

lim I=0 
n-s n 

We now expand the series by writing 

1+1,1+1,1,1+1+1+1 1 ‘z 3 4 5 6 , 8 g+...+;+*-* 

If we group terms as follows: 

1 

1 t- 
2 

1 1 
+ z’a 

1 1 1 1 
‘5’s’;i’ii 

1 1 1 1 1 1 1 1 
+~+iG+ii+E+E+iz+i5+Ti 
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we find 

1,; 

1 1 -=- 
2 2 

1 1 7 >l -+-=- 
3 4 12 z 

1 1 1 1 533 -*++-+-=- 
5 6 7 8 840 

>-1 
2 

1 1 
-+ ii + “’ + 9 

and if we continue to group terms after the 
second term in groups of 2, 4, 8, 16, 32, . . . we 

find the sum of each group is greater than i . 

There is an unlimited number of groups, there- 
fore, the limit of the sum 

lim S, = a, 
n-a: 

and the series is divergent. 
The two previous examples indicate how 

convergence or divergence of a series is de- 
termined. We will use four types of series as __ 
reference; that is, 

a + a,r + a2 + . . . + ar@-l) + . . . 

is convergent, I r 1 < 1 

1 1 1 1 -+-+-+ . . . . . . 
2 4 8 

+-+ 
2” 

or 
1 1 1 1 -+- 2 22 +- 23 + . . . +- + . . . 

2” 

is convergent 

1 +++++ . . . +L+... 
n 

is divergent, and 

1 +‘+L+ . . . +$+ . . . 
2p 3p 

is convergent, p > 1; and is divergent, 

(1) 

(2) 

(3) 

(4) 

psi 

TEST FOR CONVERGENCE 
BY COMPARISON 

If we know that the series 

al + a2 + a3 + . . . + a, + . . . 

is convergent and we wish to know if the series 

B1 + B2 + B3 + . . . + B, + . . . 

is convergent, we compare the two series term 
byterm. If we find that every term ai isgreater 
than or equal to every term Bi , that is, 

then the series under investigation is conver- 
gent. 

This is because the limit of the sum of terms 
of the reference series is greaterthan the limit 
of the sum of the series under investigation. 

EXAMPLE: Test for convergence the series 

1 1 1 1 -+z+= + *-a +gi +a*.. 
5 

SOLUTION: We use the reference series (2) 
and write 

1 1 1 -+- +- 23 + . . . +1 + . . . 2 22 
2” 

(2) 

and 

1 1 1 1 -+25+ 5 125 + --a +-+ +a.. 

In term by term comparison we find 

f>i 

‘>k 
22 

‘>& 
23 

Since the reference series is convergent, 
the series under investigation is convergent. 

17 
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Lf we desire to test a series for divergence 
by comparison, we use a reference series which 
is divergent. Then, if each term of the series 
under investigation is greater than or equal to 
the reference series, it too is divergent. 

EXAMPLE: Test for divergence the series 

1 + 3 + 5 + . . . + (2n - 1) + . . . 

SOLUTION: Use the reference series (3); 
that is, 

1.$+++ *** ,’ + -+ . . . 

and compare, term by term, which yields 

l--l 

and 

2n-12L 
n 

then the reference series is divergent, and the 
series under investigation, term by term, is 
equal to or greater than the reference and is 
therefore divergent. 

RATlO TEST FOR CONVERGENCE 

The ratio test is limited to series where ail 
terms are positive. In this test we must write 
the nth term and the (n + 1)th term and find the 
limit of the ratio of these two terms. That is, 

lim +n+l) - r 

n--oc trl 

where ttn+l) is the (n + l)th term. 
If lr I < 1 the series is convergent and if 

lr I > 1 the series is divergent. If I r I = 1, the 
test fails because the series could be either 
convergent or divergent. 

EXAMPLE: Test for convergence the series 

1o 102 103 10” + =+ + *** . 2 ,3 + 1 j-* *** 2 + .3 . . . n 

SOLUTION: Write the term t, as 

10” 
1*2.3*.*n 

and the term t(n+lj as 

lo”+1 

The ratio is 

10 n+l 
1 * 2 * 3 . * . (I-l + 1) 

10” 
1.2*3***n 

Then, 

lo@+l) 
1 * 2 * 3 . * . (n + 1) 

and 

n. I io(n+l) =- .- 
(n + l)! 10” 

n. f lO( n+l)-n 
= - . 

(n + l)! 1 

n! 10 =-.- 
(n+l)! 1 

nl 10 =-.- 
n!(n+ 1) 1 

=-m- 
(n + 1) 

1*2*3.**n 
10” 

lo(n+l) .- 
10” 

lim to 
n-co cl 

= lim 10 
n-an+1 

= 
0 

Therefore, the Ir I < 1 and the series is con- 
vergent. 

.8 
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EXAMPLE: Test for convergence the series Then, 

2 22 23 2” 13+z+-$+ ‘.. +2+ a*’ 

SOLUTION: The t, term is 

2” 
n3 

and the t(n+lj term is 

therefore, 
2n+l 

(n + 1)3 
= 2 .(1)3 

2” 
.3 = 2 

2n+l n3 = - . -- 
(n + 1)3 2n 

2n+l n3 =-.- 
2” (n + 1)3 

and 

=r 

Irl> 1 

2 n3 CO. 
1 (n + 1)3 

3 

=& 

3 
n =2 - i J n+ 1 

and 

t j 

3 
2” n+ 1 

= 2 I n -. 
n+ 1 

therefore, the series diverges. 

PROBLEMS: Test for convergence by the 
comparison test: 

1. 1 1 1 -+-+-+ 1 
12 + 2 2’+2 32+2 

. . . +-+... 
n2 + 2 

Test for convergence by the ratio test: 

2. L+A 1 1 
l(3) 2(3)2 

f- + . . . +-+ ..I 
3(3P n(3)” 

3. $+$ 43 +- + . . . +-+ . . . 
33 ;: 

ANSWERS : 

1. Convergent 

2. Convergent 

3. Diverges 
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